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4.3 THE SCATTERING MATRIX

Reciprocal Networks and Lossless Networks

The scattering matrix for a reciprocal network is symmetric.
The scattering matrix for a lossless network is unitary ( 4 1F).

Vy = Vi + o
Define _ ] L with Lop = 1.
In = j;l- — 1, = [x;j_ -V,

- ]. . J_;' _l f _.'r

Then V¥ = X V, + 1). or [V = SAZ1+ [UDL].
, 1 ,

V- = %( Vy— 1Ly,  OF  [V1=o(ZI- UM

Eliminating [ ] gives [V™1=(Z]—[UD(Z]1+[UD~ [V,
So [S] = (2] = [UDAZ1+ [UD 1.



Taking the transpose (3% &) of [S] gives
[SI = {21+ [UDTY (121 - [UD".
If the network is reciprocal, [Z] is symmetric. So that [Z] = [Z].
[S1° = (121 + [UD~H(12) - [UD),
is compared with  [S] = ([Z] + [U) ' ([Z] - [U]),
We have thus shown that  [S1=[ST".

If the network is lossless, no real power can be delivered to the network.

1 , | , : : ,
Favg = ERﬂ{[F]{[f]*} = ERE‘{([FJF]{ + VIOV = [V71%)
= Eﬂﬂ{[“]f[ﬁ]* — VIV + VIV = [V VT
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the incident and reflected powers are equal:
VIV =V VT™

Using [V—] = [S][V+] gives
[VIYTVIT = [VISILSI VT,

so that, for nonzero [V+]
[ST[ST* = [U].
or [SI*={[S1}"".

The scattering matrix is a unitary matrix.
N

>SSt = by forall i, j.
k=1

where 6,y = 11f/ = j.and §;; = 01f 7 # .



EXAMPLE 4.5 APPLICATION OF SCATTERING PARAMETERS ﬁﬁm}iﬁj%%{
R
ENX?

A two-port network i1s known to have the following scattering matrix: - .
P ’ ) SO TR E N ?

5] = 0.15£0°  0.85/—-45°
- | 0.85/45¢° 0.270°

Determine if the network is reciprocal and lossless. If port 2 is terminated with a
matched load, what is the return loss seen at port 1? If port 2 is terminated with a
short circuit, what is the return loss seen at port 1

and what 1s the transmission coefficient between the port 1 and the port 2 ?

Solution

Because [S] is not symmetric, the network is not reciprocal.
To be lossless, the scattering parameters must be unitary. Taking the first column

gives L ,, :
151117 4+ |.S¢]° = (0.15)° + (0.85)- = 0.745 # 1,



When port 2 is terminated with a matched load, the reflection coefficient seen
at port 1 is S;; = 0.15. So the return loss Is

RL = —20log |T'| = —2010g(0.15) = 16.5 dB.

When port 2 is terminated with a short circuit, 1;F = — 17
[1_ = 511 [1+ + 510 [_+ = 511 Il+ — 510 [3_ \

V=S4 SV =SV = 517

The second equation gives 1, = - +'1% Vit
Dividing the first equation by V,*
P= g —sp2 =g, - 2o

-+ + o
[‘ 1 [ 1 ]- _|_ '-l}_'_

(0.85/—45°)(0.85/45°)
1+0.2

So the return loss 1s RL = —201log |T'| = —2010g(0.452) = 6.9 dB.

= 0.15 = —0.452.




Understanding about scattering parameters:

» The reflection coefficient looking into port n is not equal to Snn unless all other

ports are matched .
» the transmission coefficient from port m to port n is not equal to Snm unless all

other ports are matched.

» Changing the terminations or excitations of a network does not change its scattering
parameters, but may change the reflection coefficient seen at a given port, or the
transmission coefficient between two ports.



A Shift in Reference Planes
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Consider the N-port microwave network,
where the original terminal planes are
assumed to be located at z, = 0 for the nth
port, where z Is an arbitrary coordinate
measured along the transmission line
feeding the nth port.

The scattering matrix for the network with this
set of terminal planes is denoted by [S]. Now
consider a new set of reference planes defined
at z, = | for the nth port, and let the new
scattering matrix be denoted as [S’].

(V1= [SIVT].
[ [r—] — [5’ ][ [r-l—]



From the theory of traveling waves on lossless transmission lines

.-"-'r—l_ _ .-"—l_ .-'9
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J_.r'-‘r_ _ _.-""_ _‘j'f']
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where 6n = pin is the electrical length of the outward shift of the reference plane of
port n.

Since [(V-1=I[SI[V*].

- o/t - - o/ 0 -
E._.J'q] ] La-_j'&]_' ]
, [V =1[5] , [V

0 eloN 0 e~ JON |
- o= /61 0 - o J6 0 -

. E_j.f-]: E.—jﬁ'z it
Then [V]1= , [S] , [V'T].

B U E.__.ft;'_-"r' _ i D E'_-"FH-'H" _

10



[S'] =

p_j &2

La-_,_.'ft.-;l.'nlu'r

[S]

Lﬂ-_,_.f 'L:l .'nlu'r

Note that S°,, = e %% S, meaning that the phase of S, is shifted by twice the
electrical length of the shift in terminal plane n because the wave travels twice
over this length upon incidence and reflection.

This result 1s consistent with

/= /Bt

[¢) = -2

= [(0)e /",
Vo elft e




Generalized scattering matrix (]~ X 85T 5%)
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Homework

4.14 A four-port network has the scattering matrix shown as follows. (a) Is this network lossless? (b) Is
this network reciprocal? (¢) What is the return loss at port 1 when all other ports are terminated with
matched loads? (d) What is the insertion loss and phase delay between ports 2 and 4 when all other
ports are terminated with matched loads? (e) What is the reflection coefficient seen at port 1 if a short
circuit is placed at the terminal plane of port 3 and all other ports are terminated with matched loads?

(0.178/90° 0.6/45° 0.4/45° 0 ]
§]= 0.6/45° 0 0 0.3/—45°
[51= 0.4/45° 0 0 0.5/—45°
0 0.3/—45° 0.5/-45° 0 |
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