Lecture 5
Semiconductor physics 1

Introduction to Quantum Theory of Solids
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Goals
To determine the properties of electrons in a crystal lattice

To determine the statistical characteristics of the very large number of
electrons in a crystal

Energy band theory
A Dbasic principle of semiconductor material physics

To expand the concept of discrete allowed electron energies that occur in a
single atom to a band of allowed electron energies in a single-crystal solid

Using Schrodinger's wave equation
The response of an electron in the crystal to an applied external force

To relate the quantum mechanical behavior of electrons in a crystal to
classical Newton mechanics

Statistical behavior of electrons in a crystal

The probability function will determine the distribution of electrons
among the available energy states.
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ALLOWED AND FORBIDDE
ENERGY BANDS (&g 5kt

- The wave functions of the two
Formation of energy bands atom electrons overlap, which
means that the two electrons
Interact.
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Figure (a) Probability density function of an isolated hydrogen atom.
(b) Overlapping probability density functions of two adjacent hydrogen atoms.

(c) The splitting of the n = 1 state.

This interaction or perturbation of the two adjacent atoms results in the
discrete quantized energy level splitting into two discrete energy levels
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At the equilibrium interatomic distance in the crystal, there is
a band of allowed energies, but within the allowed band, the
energies are at discrete levels

The atoms are very far
apart with the initial

|
|
>§ / quantized energy level.
|
I

Yo Interatomic distance ==

Electron energy ——»

Fig The splitting of an energy state into a band of allowed energies.



The Pauli exclusion principle GBFIFHHZERIE) states that
the joining of atoms to form a system (crystal) does not alter the
total number of quantum states regardless of size.

® Since no two electrons can have the same quantum number,
the discrete energy must split into a band of energies in order that
each electron can occupy a distinct quantum state.

® At any energy level, the number of allowed quantum states is
relatively small. In order to accommodate all of the electrons in a

crystal, then, we must have many energy levels within the allowed
band.
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Example:

Suppose that we have a system with 101° one-electron
atoms and at the equilibrium interatomic distance, the
width of the allowed energy band is 1eV.

Assume that each electron in the system occupies a
different energy level and, if the discrete energy states
are equidistant, then the energy levels are separated 10-1°
eV, which is a very small difference between two energy
states.



By X FAALY

SHANGHAI JIAO TONG UNIVERSITY

- B - T ———

If these atoms are brought
closer together, the

! outermost electrons in the n
= | = 3 energy shell will begin
& to interact

“ If the atoms continue to

move closer, the electrons in
the n=2 shell may begin to

\ Interact

n=1 shell may begin to interact

Electron energy —#=
=~
"
N2

o [nteratomic distance ——

Fig Schematic showing the splitting of three
energy states into allowed bands of energies.

If the atoms are initially very far apart, the
electrons in adjacent atoms will not interact
and will occupy the discrete energy levels.



H=72

8 electrons

Six allowed levels
at same energy

Two allowed levels
at same Ell&]'g}' n - 11 2, 3, -

n=1 P |=n-1n-2,n-3,...,0

2 electrons =73
Im[=1,1-1,...,0
(a)

Fig (a) Schematic of an isolated silicon atom.

We need only consider the n = 3 level for the valence electrons, since the first
two energy shells are completely full and are tightly bound to the nucleus.

3s state corresponds ton = 3, | =0, m=0, s=+1/2, -1/2, two
quantum states, two electrons at T = 0 K.

3p state correspondston =3, |1 =1, m=0,+1,-1, s=+1/2, -1/2, six
quantum states contain the remaining two electrons
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4N states
0 electrons :

6N states
2N electrons

4N states
4N electrons 2N states

2N electrons

Uy O
(b)

Fig (b) The splitting of the
3s and 3p states of silicon
into the allowed and
forbidden energy bands.

*As the interatomic distance decreases, the 3s and 3p states interact and overlap.
At the equilibrium interatomic distance, the bands split:

a) four quantum states are in the lower band - the valence band (4} )

b) four quantum states are in the upper band- the conduction band (5%)
» At T=0K, eight electrons are in valence band. The conduction band is empty.

* The forbidden energy band

#HES) is the bandgap energy E, between the

top of the valence band and the bottom of the conduction band
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The Kronig- Penney I\/Iodel

The concept of allowed and forbidden energy bands can

be developed more rigorously by considering quantum
mechanics and Schrodinger's wave equation.

V=0
} 7 Ea E<O0, electrons are
Sz ? bound in the atom.
' I

Fig (a) Potential function of a single isolated atom.
« the discrete energy levels allowed for the electrons
* the energy increases with r




E<V,, a particle is

Aom - Atom - Alom - Atom bound within the crystal.
(b)
V=20
: : : : Vix)
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£y : : : i vV
: E\ ! » 0
3 > i | |
2 5 Y | |
X o B X X I I I I 11 I 11
Atom Atom Atom Atom
i —(a+ b)) —=b 0 a (¢ + b) X —p

Fig (b) Overlapping potential functions of
adjacent atoms. (c) Net potential function
of a one-dimensional single crystal.

For simplification, the one-dimensional Kronig-Penncy model of the

periodic potential function is used to represent a one-dimensional

single-crystal lattice.
11

Fig The one-dimensional periodic potential
function of the Kronig-Penney model.
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To obtain the solution to Schrodinger‘s wave equation, we
make use of a mathematical theorem by Bloch.

The theorem states that all one-electron wave functions, for
problems involving periodically varying potential energy
functions, must be of the form  y/(x) = u(x)e’™

k Is called a constant of motion;
u(x) is a periodic function with period of a+b

The total solution to the wave equation is the product of the
time-independent solution and the time-dependent solution

X, =y (X)P(t) =u(x)e'* e g IEM!

12
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In region | (IntheatomO<x<a), V(x) : 0

Substitute this result into the time-independent Schrodinger's
wave eqguation

52”9‘) 2”‘(E _V (X)) ¥(x) = 0
d ;‘X(X) 42k 35 _ g oy (=0

u,(x) is the amplitude of the wave function in region |
and the parameter o IS

, 2mE
Otzhz

The solution iIs
U, (x) = Ae!“ " 1 Be 1 for(0< x < a)
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In region Il (between two adjacent atoms -b <x < 0), V(x) =V,

2
d“u,(x) +2ik du, (X) (K- 2mV,

u,(x)=0
dx? dx h° o (%)

If we define ;—T(E—Vo) —a’ - 222\/0 =

If E>V,, the parameter g Is real, whereas If E<V,, then g
IS Imaginary.

dzuzz(x) + ij duz(x) _(k2 _ﬂZ)UZ (X) =0
dx dx

The solution is

u,(x) =Ce' " 1 De 1P for(—b < x<0)
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Boundary conditions

Since the potential function is everywhere finite, both the wave
function and its first derivative must be continuous.
=> the wave amplitude function and its first derivative must

also be continuous.
At x=0 u,(0)=u,(0) A+B-C-D=0

% X:O:%kzo (a—K)A—(x+k)B-(-K)C+(+k) D=0
dx dx

As for periodicity
u,(a) = u, (-b) Agll@ka | ga-il@rka _ caih-kb _ pa-its+d _ g
1 T2

du, | du, | (a —k)Ae!“™92 4 BeIe2 _ (B —Kk)Ce I/ TP
dx T dx P +(B+k)De!P™ P =0

15
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The solution is

—(c + %) (sin aa)(sin Bb) + (cos aza)(cos Bb) = cosk(a+b)

2o
2mE 2m 2mV
“-Tr  pEWme s

relates the parameter k to the total energy E and the potential function V,,

For E <V, the electron is bounded within the crystal
L=y an imaginary quantity
The solution is written as
y =p
2ay
It must be solved using numerical or graphical technigues

The solution of E will result in a band of allowed energies.

(sin aa)(sinh yb) + (cos aa)(cos yb) = cosk(a+h)

16
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Let the potential barrier width b -> 0 and the barrier height
V, ->o0, but the product bV, remains finite.

mV,ba, sin ca
) +C0S ra = coska

h° aa

(

. mV,ba

If define P

. SIna
aa

P + CcoSaa = cos ka

, 2mE

(04
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The k-Space Dlagram

[ Consider a free particle (there are no potential barriers), so V,=0
. SIn A

P +cosaa =coska cosa = coska
aa
the total energy E is equal to the kinetic energy since V,=0
1 i :
omE|ZmGmv) p is the particle momentum
“Nw T\ e ThT

The constant of the motion parameter k is called a wave number,

Relate the energy and momentum as .
p2 k2h2

1
)
1
)
E — — 1
= = 'y 1
i
A Y

2m  2m

N L
)

£ 7’
., g
N o

p=0 P or k ——

Fig The parabolic E versus k curve for the free electron
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OFor the particle in the single-crystal lattice

As the parameter P’ increases, the particle becomes more tightly
bound to the potential well or atom.

mV,ba
: .Sinca
For the equation |P _— +c0saa=cos ka
04
Define f(aa)=P N8 | cosaa
aa

The relations between the wave number k, the energy E
(through a) , and the potential barrier bV, (through P’).

, 2mE

a



P sin aa 1}

-4M'n' *211\/—77 T.\/27r 371'\"/4‘11' il —p

() As the energy increases,
aefi the widths of the

allowed bands increase
\\//\\/ \//zw\ = /4;, P from this Kronig-

Penney model

/taa)

—————__ | Shaded area

il Is valid.

1+ cosaa = coska f (aa) Is limited between 1 and -1

f (qa) = P 2124

aa
The energy E of the particle is a function of the wave number k
20
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Reduced
k space
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Fig The E versus k diagram

k —

Fig E versus k diagram showing 2w

displacements of several
allowed energy bands.

sections of

In the reduced-zone representation

22
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Example:
To determine the lowest allowed energy bandwidth.
Assume that the coefficient P' = 10 and that the potential width a = 5A

Solution:

To find the lowest allowed energy bandwidth. we need to find the
difference in aa values as ka changes from 0 to =

. SInxa , 2mE
P +C0oSa = coska a’=—;
aa - h
_,A~Sinaa
Forka=0  1=10 e oa = 2.268rad

aa
E ,=1.68x10"°J =1.053eV

For ka=r7,ca=r.

4 2mE /ZmE Ay
—_ 2 5 L] —
7’ h °(1.054x107)? i
= al —— =2.407x107J =1.50eV
2ma”  2(9.11x107°)(5x10™)

93 The allowed energy bandwidth AE=E, -E; =1.50-1.053=0.447eV

E, =
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Electrical Conductlon N SO|IdS

[0 The motion of electrons in the various allowed energy bands
->determining the current-voltage characteristics of

semiconductor devices

B The Energy Band and the Bond Model

A T=0K
EREES
J:WH—(”}—Q—(')::_
ce2Oe=O—=0=—0)===

Fig Two-dimensional representation
of the covalent bonding in a
semiconductorat T=0K

24

Electron ¢ ergy ————p=

4N states
0 electrons

ON states
2N electrons

4N states
4N electrons 2N states

2N electrons

ty P ——

Fig Energy band of silicon
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Some electrons have gained enough
energy to jump to the conduction band and
T>0K have left empty states in the valence band.

Conduction \ -

band -

Valence +
band

(a) (b)

Fig (a) Two-dimensional representation of the breakdown of a covalent bond.
(b) Corresponding line representation of the energy band and the generation of
a negative and positive charge with the breaking of a covalent bond
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| E4 l
{ !
[ 1 ]
: ! Symmetric
: ; distribution
1 : < o
'1 '| external force
| Pk g
| |
( f
) |
| |
| i
] b
| |
(a) (b)

Fig The E versus k diagram of the conduction and valence bands
of a semiconductorat (a) T=0K and (b) T >0 K.

With the temperature increasing, more covalent bonds are
broken and more electrons jump into conduction band.
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ODrift current
Current is due to the net flow of charge.

For a collection of positively charged ions with a volume density N (cm-2) and
an average drift velocity v, (cm/s), the drift current density is

J =Ny, Alcm?

Considering the individual ion velocities, v; is the velocity of the ith ion

J = qZN:vi
i=1

 The electron distribution in the conduction band
IS an even function of k when no external force
Is applied
* k for a free electron is related to momentum

k=p/h
=>the number of electrons with a + |k| value

= that of electrons with a - |k| value

=>the net drift current density due to these
electrons is zero.

27
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If a force is applied to a particle and the particle moves, it must gain energy

dE = Fdx = Fvdt

If an external force is applied to the electrons in the conduction band,
there are empty energy states into which the electrons can move.

=> electrons can gain energy and a net momentum because of the external
force. --- in agreement with Law of conservation of energy

The drift current density due to the
motion of electrons

J = —ezn: V.
=1

——— ] — — o —— —

Fig The asymmetric distribution of electros in the E
28  versus k diagram when an external force is applied.
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CElectron Effective Mass

The movement of an electron in a lattice will, in general, be
different from that of an electron in free space.

The total force:
Fow = Foxe T Fe =Ma

total ext

The internal forces in the crystal are due to positively charged
lons or protons and negatively charged electrons. a is the
acceleration rate and m is the rest mass of the particle.

Since 1t 1s difficult to take into account all of the internal
forces, we will write the equation

F.=ma
a is now directly related to the external force.

m* is called the effective mass, takes into account the particle mass and
also takes into account the effect of the internal forces.
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* Mass of a free electron
E-k relationship

2 23,2
1 ! k h
' ; E = P =
' 7 2m 2m
‘\‘ J Take the first derivative of E with respect to K,
\‘~ ",/l 5
~.‘;szi)‘ pork —p dE :h k :hp k: p/h

dk m m

Fig The parabolic E versus k Relating momentum to velocity

curve for the free electron.

1dE p
ndk m
Take the second derivative of E with respect to k,
d’E _ 7" 1 d’E 1
dk*  m n? dk?  m
30
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For the case of a free electron, the mass Is a constant
(nonrelativistic effect), so the second derivative function of

energy Is a constant.
If we apply an electric field to the free electron and use Newton's
classical equation of motion,
F=ma=-eE
where a Is the acceleration, E is the applied electric field,

and e is the electronic charge.
_ —€E
m

The motion of the free electron is in the opposite direction to
the applied electric field because of the negative charge.

a
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« Mass of an electron in the energy band
En

Parabolic

approximation

Parabolic |
: approximation |
L
k=1 k —

P S . . S TR S S — — —— —

by i ——— T — ——

k=0

(a) (b}
Fig (a) The conduction band in reduced k space, and the parabolic approximation.
(b) The valence band in reduced k space, and the parabolic approximation.

Consider the electron in the bottom of an allowed conduction energy band

|

E-E, =G,(k)°

20 C, Is a positive quantity
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Taking the second derivative of E W|th respect to k

d’E _oC 1 d°E 2C, 1
dk? 2 dk? n m
m* is called the effective mass. Since C,> 0, we have that m* > 0 also.

» The effective mass Is a parameter that relates the quantum
mechanical results to the classical force equations.

»Since the internal forces and quantum mechanical properties are
taken into account through the effective mass, the electron in the
bottom of the conduction band can be thought of as a classical
particle whose motion can be modeled by Newton mechanics.
If we apply an electric field to the electron in the bottom of the allowed energy
band _eE
a=—;
mn

m.* Is the effective mass of the electron, a constant

*
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Concept of the Hole

For T > 0 K, valence electrons may gain thermal energy and hop into the
empty state. The movement of a valence electron into the empty state is
equivalent to the movement of the positively charged empty state itself.

| I I |
| |

=7 :ﬁo O == ::O O O O:: == (HD Clj O::
3 SR Ean

e e T e e
| e o :

:: C") :: :: O Q O:: ::Q O O CH)::

(a) (b) () ]

Fig Visualization of the movement of a hole in a semiconductor. the movement of
valence electrons alternately filling one empty state and creating a new empty state.

The crystal now has a second equally important charge carrier that can give
rise to a current. This charge carrier is called a hole and can be modeled

™ using Newton mechanics.
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The drift current density due to electrons in the valence band is

J=-¢ Z Vi the summation extends over all filled states
i(filled)

Total energy band= filled energy band+ empty energy band
J=—e ) v,+e > v,
i(total) i(empty)
If a band is totally full
1), dE

V(E) = (%j (d_k)

The band is symmetric in k space and each state is occupied

—=For every electron with a velocity v, there Is a corresponding
electron with a velocity -v.

Since the band is full, the distribution of electrons with respect
to k cannot be changed with an externally applied force.

-e > v,=0

i (total)
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The drift current density due to electrons in the valence
band is writtenas:  J=+e » v,

The summation of v,

V(E) = (%) (3—i) assoclated with the empty state

| ; : | 4 |

| | |

i o e | e | DR it l| -
! 4 Bk | LSEEE SRR | K
| | | o e |

: : w. “

| SRV o

(+] 0°
| | & 7
! ' ! !
(2) (b)

Fig (a) Valence band with conventional electron-filled states and empty states.
(b) Concept of positive charges occupying the original empty states.

36
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(E-E,)=-C,(k)’

E, IS the energy at the top of the energy band. / \\‘ :
Since E < E, for electrons in this band, then : :
the parameter C, must be a positive quantity | |

Fig The allowed energylband
Taking the second derivative of E with respect to k

d°E

dkz o

1 dE -2C, 1

2 dk? B2 om'

An electron moving near the top of an allowed valence
energy band behaves as iIf it has a negative mass.
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Difference between quantum mechanlcs and classmal mechanlcs
v The effective mass may be negative

The effective mass parameter relating guantum mechanics

and classical mechanics leads to this strange result.
v The energy is quantized.

Solutions to Schrodinger's wave equation also led to results

that contradicted classical mechanics.

For an applied electric field into an electron near the top of an
allowed valence energy band

F=ma=-¢eE

—eE B +eE | | An electron moving near the top of an
allowed energy band moves in the same
direction as the applied electric field.

a=
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The net motion of electrons in a nearly full band can he
described by considering just the empty states.

£} :

ooo :

o |

000 |

"1

:

(2) (b

This band has particles This band has particles
(electrons) with a negative (holes) with a positive
electronic charge and a electronic charge and a
negative effective mass. positive effective mass.

39
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® Metals, Insulators, and Semlconductors

Each crystal has its own energy-band structure.=> resulting in
difference in electrical characteristics for solids

(a)

et (I

(b)

" * Valence

()

Allowed Insulators : A material that has energy

€NeIg .

Emi bands either completely empty or
completely full.

Allowied No particle can move with

band | an applied electric field.

(ful
\ A completely full energy band will

also not give rise to a current.

Conduction

band

fempty) Fig The energy band of insulators
=3.5-6eV at room (a) An empty conduction band
temperature

(b) A completely full valence band
bund (c) The band gap energy between the two
(full)

allowed bands



Semlconductors

Allowed
encrgy : s : .
Fﬂosr An energy band W|th relatlvely few electrons
empty) near the bottom of the band.
() S => If an electric field is applied, the electrons
. can gain energy, move to higher energy states,
Allowe
ey and move through the crystal.
@most < | An allowed energy band is almost full of
) electrons. =>holes in this band to form
(b) current under E.
Eﬁﬁhmm SemICOndUCtOrS - A material that has
(almost energy bands almost empty or full. The
Al empty) resistivity of a semiconductor can be
Electrons IEg Empty electronic controlled and varied over many orders of
/ e magnitude.
1 Valence
FroOTUITTITRSTITE AT bund Fig The energy band of semiconductors
S TR B R TR i
g, S, 2R SRR T LS S g (a) An almost empty conduction band
(© (b) A almost full valence band
E,=1ev at room (c) The band gap energy between the two

41 temperature allowed bands
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The characteristics of a metal include a very Iow reS|st|V|ty

There are large numbers of electrons as well as large numbers of empty
energy states into which the electrons can move, so this material can also
exhibit a very high electrical conductivity.

The energy-band diagram for a metal

Partially may be in one of two forms.
Upper
band

filled
. band

B Full L
R band band *# Electrons
: \
(a) (b)

Fig Two possible energy bands of a metal showing
(a) a partially filled band and (b) overlapping allowed energy bands.

42
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Extension to three dimensions

2 o ok

B To extend the basic concept of allowed and forbidden energy bands
and the basic concept of effective mass to 3D and to real crystals.

B The potential function to a 3D crystal is different since the distance
between atoms varies as the direction through the crystal changes.

5 [110]
Tiedion » Electrons traveling in different directions

encounter different potential patterns and
therefore different k-space boundaries.

* The E versus k diagrams are in general a

- function of the k-space direction in a crystal.

direction

Fig The (100) plane of a face-centered cubic

13 crystal showing the [100] and [ 110] directions
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» The k-Space Diagrams of GaAs'

4

Energy (eV)
I

GaAs

Conduction
band

Valence
band

<3

Fig Energy band structure of GaAs

44

(111

O

[100]

The [100] direction is along the
normal +k axis and [111] is along
the -k axis due to symmetric E-K
diagram for 1D model.

The maxima in the valence band
energy and minima in the conduction
band energy both occuratk =0

A semiconductor with this property
is said to be a direct bandgap (&
FEHSBR) semiconductor.
=>Transitions between the two
allowed bands can take place with
no change in crystal momentum.
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* The k-Space Diagrams of Si

4

Si Conduction
band
3 -
2 -
e
&, 0.'.
-~ l L
20 !
s E |
64 l.sz |
|
O z i
o B I
{
|
_] Lo E
Valence :
band !
11111 0 [100]

k

Fig Energy band structure of Si
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The minimum in the conduction band
energy occurs not at k = 0, but along the
[100] direction.

The maximum in the valence band energy
occursatk =0

A semiconductor whose maximum valence
band energy and minimum conduction band
energy do not occur at the same k value is
called an indirect bandgap (jE]3EHBR)
semiconductor

=>Momentum of electron change due to
transition between valence band and
conduction band.

=>|nteraction with the crystal occur so that
crystal momentum is conserved.



O Additional Effective Mass Concepts

For the one-dimensional E versus k diagram, the effective mass

Energy (¢V)
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GaAs

Conduction
bhand

band

Valence

(111

0
k

[100]

1/m" =1/h* ed’E / dk?

Energy (eV)

A

Conductich

band

1

Valence
band

11111

0
k

[100]

The curvature of the E - k
diagrams near the minimum
of the conduction band
energy Is related to the
effective mass of the electron.

 Question. Is the effective mass
of an electron in the conduction
band of GaAs smaller or larger
than that in silicon?
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A complication occurs in the effective mass concept in a real

crystal.

* In 3D crystals, the curvature of the E versus k diagram
at the conduction band minimum may not be the same

IN the three k directions.

* The effective mass parameters used in calculations will

|3

be a kind of statistical average (%t
adeguate for most.

215)) that is
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DENSITY OF STATES FUNCTION
KEBABHK

I1-V curve of semiconductor

=> The number of electrons and holes available for
conduction In the semiconductor

=>The number of carriers = f (the number of available energy
or quantum states (ZF7#) ) ---- Pauli exclusion principle

=> Electron and hole concentrations
=> Density of states function:

the density of these allowed energy states as a function of
energy
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Mathematical Derlvatlon

» Electrons are allowed to move relatively freely in the conduction
band of a semiconductor, but are confined to the crystal.

» Consider a free electron confined to a three-dimensional infinite
potential well, where the potential well represents the crystal.

V(x,y,2)=0 for O<x<a
O<y<a
O<z<a

V(X,y,z2)=0 elsewhere

where the crystal is assumed to be a cube with length a.



7=

50

X FERd LY

SHANGHAI JIAO TONG UNIVERSITY

The time-independent Schrodinger's wave equation in 1D

0%y (X) | 2mE
OX* h*

w(x)=0

Its solution
w(X) = A cos Kx+ A, sin Kx

<= [2ME M7
h a

Extending to 3D

2mE 7’
2 =k* =k +k; +k; :(nf+n§+nf)(?)

where n,, n,, n, are positive integers and represent a different
quantum state.
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Each point represents an allowed quantum state
corresponding to various n,, and n,

(a) (b)

Fig (a) A two-D array of allowed quantum stales in k space.
(b) The positive one-eighth of the spherical k space
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I(x+1 _ I(x — (nx +1)(£) —nN
a

The distance between two quantum states In the K, dlrectlon

E)==
a a

So the volume V, of a single quantum state Is

=)
a

The differential density of quantum states in k space is

1. 47k*dk

g (K)dk =2(2)

5 &y

d

“2” takes 1nto account the two spin
states allowed for each quantum state

A differential volume in k space

3™
dk \ 3

considers only the quantum states
for positive values of k,, k, and k..

X1 Dy
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0. ()dk — 7k’ dk .

The density of quantum states is a function of momentum
related variable k

2mE 1 |m
For a free electron, k*= — dk - /EdE

hZ

The density of quantum states is a function of energy E

2mE 1
EolE_’Za ,/
d; (E) 2E

3
g (E)dE = 4’;3 m)** VEdE

The number of energy states between E and E + dE in the
crystal space volume of a3




The density of quantum states per unit volume of the crystal

A7 (2m)*?

h? \E

g(E) =

The density of quantum states is a function of energy E

* As the energy of this free electron becomes small, the
number of available qguantum states decreases.

* This density function is really a double density. It is
quantum states per unit energy per unit volume.

The density of quantum states is typically a large number, but
an effective density of states in a semiconductor is usually
less than the density of atoms in the semiconductor crystal.
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Extension to Semlconductors

v From the density of allowed electron quantum states using the model of
a free electron with mass m bounded in a 3D infinite potential well

v" To - the density of quantum states in the conduction band or valence

band in a semiconductor.
Electron ~ Hole
. Freeelectron in conduction band In valence band
in 3D infinite potential well of a semiconductor of a semiconductor
21,2 21,2 h2k?2
MK E-E -1X E,~E="t
2m 2mn 2mp
A (2m)¥? A (2m )3 4z (2m’)%?
9(E) = (h3) JE g hT”) JE-E 0.(B)=—3"—E -E
Quantum states do not exist within the g(E)=0, E,<E<E,
forbidden energy band.
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gciE)

gy(E)

g(E) ——p

Fig The density of energy states in the
conduction band and the density of energy
states In the valence band as a function of

energy.

If the electron and hole
effective masses were
equal, then the functions
g.(E) and g,(E) would be
symmetrical about the
energy midway.
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STATISTICAL MECHANICS

In dealing with large numbers of particles, we are interested
only in the statistical behavior of the group as a whole rather
than in the behavior of each individual particle.

Statistical Laws

Maxwell-Boltzmann probability function

The particles are considered to be distinguishable by being
numbered with no limit to the number of particles allowed in
each energy state.

For example, the behavior of gas molecules in a container
at fairly low pressure.
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*Bose-Einstein function Boson (E & F)

The particles in this case are indistinguishable and, again,
there Is no limit to the number of particles permitted in
each quantum state.

For example, the behavior of photons, or black body radiation.

Fermi-Dirac probability function  Fermion (ZEKT)

The particles are again indistinguishable, but now only one
particle is permitted in each quantum state.

For example, electrons in a crystal
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The Fermi-Dirac Probablllty Functlon

In the ith energy level, there are g; quantum states.

® ]
K &;

ith energy | @
level | 1

[ ]

Quantum states

There are g; ways of choosing where to place the first particle,
(g;- 1) ways of choosing where to place the second particle,
(g; - 2) ways of choosing where to place the third particle,
and so on.

Then the total number of ways of arranging N, particles in

the ith energy level is  ¢;(9; —1)eee(g, —(N; -1)) = i
= (gi - Ni)!
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Since the particles are |nd|st|ngU|shabIe the actual number of

independent ways of realizing a distribution of N; particles in the
ith level is

g,!
W, = |
Ni !(gi o Ni)!
The total number of ways of arranging (N;, N,, N5, ..., N,)

Indistinguishable particles among n energy levels is the product of
all distributions

The total number of particles N = ZN

N, '(9. N)'

The maximum W is found by varylng N; among the E; levels

60



By Y ELALY

SHANGHAI JIAO TONG UNIVERSITY

EXAMPLE

To determine the possible number of ways of realizing a
particular distribution.
Let gi=Ni=10.Then (gi-Ni)!=1

Solution
g;! 10! _1
N. (g, —N.)! 10!

If we have 10 particles to be arranged in 10 quantum states,
there is only one possible arrangement. Each quantum state
contains one particle.
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E—E, Fermi-Dirac distribution

N(E) is the number of particles per unit volume per unit energy
g(E) is the number of quantum states per unit volume per unit energy.
E. is called the Fermi energy.

k is Boltzmann’s constant = 8.6173324x107° eV/K

Fermi-Dirac distribution gives the probability that a quantum
state at the energy E will be occupied by an electron.
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1

fF (E) =
1+ exp(

—E,
T )

frE)

’ E—> £y

Fig The Fermi probability function
versus energy for T =0 K.

AtT=0K E<E., f.(E<E;)=1
E>E_,f.(E>E.)=0

All electrons have energies below the

Femi energy at T =0 K.
63

The Distribution Function and the Ferml Energy

FRCAT TN TR TR,

Es

eo'ee @@

£,
o e e £, Quantum
state
e @ E,
Energy level
a1

Fig Discrete energy levels and quantum
states for a particular systemat T = 0 K.

The probability of a quantum state being
occupied in energy level Ec is zero. The
Fermi energy, for this case, must be above
E, but less than E..
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g(E)

S

-
-

/”/j: \“r— n(E)

g(E) or n(E) =
\
\
\

|

‘|

{

{

E

|

|
E—>  E
Fig Density of quantum states and electrons in a
continuous energy systemat T = 0 K.

The electrons are in the lowest possible energy state so that all
states below Eg are filled and all states above E¢ are empty.

If g (E ) and N, are known for this particular system, then the
Fermi energy E can be determined.
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Fig The Fermi probability function versus  Fig Discrete energy states and
energy for different temperatures quantum states for T > 0 K.

1 11
1+exp(0) 1+1 2

fr(E=E:)=

For temperatures above absolute zero, there Is a nonzero probability
that some energy states above Er will be occupied by electrons and
some energy states below E- will be empty.

=>Some electrons have jumped to higher energy levels with
Increasing thermal energy.

'ES B
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Example

To calculate the probability that an energy state above E¢ Is
occupied by an electron.

Determine the probability that an energy level 3kT above
the Fermi energy Is occupied by an electron.

Solution . .
1+ exp( F) 1+ex p(—)
f.(E) = 1 =0.0474 =4.74%
1+20.09

At energies above E¢, the probability of a state being occupied by
an electron can become significantly less than unity, or the ratio
of electrons to available guantum states can he quite small.
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fe(E) and 1- f-(E) are
symmetric about E

Fig The probability of a state being occupied f-(E)
and the probability of a state being empty 1- f-(E)
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1.0

\ /— Boltzmann approximation

o ———— o — - — - —

P |

Valid approximation range

Fig The Femi-Dirac probability function and the Maxwell-Boltzmann approximation.

Consider the case when E-E->>KT,

g(E) - F ( ) B F—E Fermi-Dirac distribution function
1+exp( =)
KT
—(E-E
fe (E) =exp[ ( T F)] Maxwell-Boltzmann approximation.
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Example

To determine the energy at which the Boltzmann
approximation may be considered valid. Calculate the energy
In terms of kT and E¢ at which the difference between the

Boltzmann approximation and the Fermi-Dirac function is 5
percent of the Fermi function.

Solution exp[_(Ek}EF)]— 1E E,,
-

1+exp(
1
E-E.
KT

=0.05

1+ exp(

)

_(E — 1
> opE_E)j005 = (E-E)=KT In() ~ 3T

The Maxwell-Boltzmann and Fermi-Dirac functions are within

5 percent of each other when E - Eg = 3kT
69
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SUMMARY

» Discrete allowed electron energies split into a band of allowed energies
as atoms are brought together to form a crystal.

» The concept of allowed and forbidden energy bands was developed more
rigorously by considering quantum mechanics and Schrodinger's wave
equation using the Kronig-Penney model representing the potential
function of a single crystal material. This result forms the basis of the
energy band theory of semiconductors.

» The concept of effective mass was developed. Effective mass relates the

motion of a particle in a crystal to an externally applied force and takes
Into account the effect of the crystal lattice on the motion of the particle.
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» Two charged particles exist in a semiconductor.

An electron is a negatively charged particle with a positive effective mass
existing at the bottom of an allowed energy band (conduction band). A hole
Is a positively charged particle with a positive effective mass existing at the
top of an allowed energy band (valence band).

»Energies within an allowed energy band are actually at discrete levels and
each contains a finite number of quantum states. The density per unit
energy of quantum states was determined by using the three-dimensional
infinite potential well as a model.

> In dealing with large numbers of electrons and holes, we must consider the
statistical behavior of these particles. The Fermi-Dirac probability function
was developed, which gives the probability of a guantum state at an energy E
of being occupied by an electron.
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Homework4

Assume the Fermi energy level is 0.03eV below the conduction
band energy.

(a) Determine the probability of a state being occupied by an
electron at Ec.

(b) Repeat part (a) for an energy state at Ec+kT.
Assume T =300K.



