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3.4 CIRCULAR WAVEGUIDE

A hollow, round metal pipe also supports TE and TM
waveguide modes.

we can derive the cylindrical components of the
transverse fields from the longitudinal components as
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TE Modes

For TE modes, Ez = 0, and Hz Is a solution to the wave equation,

V’H, + Kk’ H, =0.
If H(p, ¢, z) = h,(p, p)e /P~
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apply the method of separation of variables.
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P(¢) = Asmkyp + Bcos k.

Because the solution to /1, must be periodic in ¢ [i.e.. h.(p, ¢) = h(p, ¢ £ 2mm)],

Ko must be an integer, n. P(¢p) = Asinngd + Beosnd,
yd*R  dR 2,2 2\ p_
ﬁdpi—l_pdp—l_('ﬂﬂf n)ﬁ’_ﬂ.

which is recognized as Bessel’s differential equation.

The solution is R(p) = CJ,(kep) + DY, (kep),

where J,;(x) and Y,(x) are the Bessel functions of first and second kinds, respectively.

Y, (k.p) becomes infinite at p =0, soD=0.



The solution for hz can then be simplified to
h(p,d) = (Asinnd + Beosnd) J,(kep).

We must still determine the cutoff wave number kc, which we can do by enforcing the
boundary condition that Etan = 0 on the waveguide wall.

Es(p,¢)=0 atp=a.
J@
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Ealp, @, z) = (Asinng + Bcos nc,i’))ﬁ;(k“:})e_ﬁz,

S (kcp) refers to the derivative of J,
For Eo to vanish at p = a, we must have  J,(k-a) = 0.

Ii_".the roots of /' (x) are defined as p| .
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Values of p’ ., are given in mathematical tables;

TABLE 3.3 Values of pj},,, for TE Modes of a Circular Waveguide

1 P Pm Pn3

0 3.832 7.016 10.174
1 1.841 5.331 8.536
2 3.054 6.706 9.970

the cutoff wave number k.., =p’../a,
where n refers to the number of circumferential (@) variations and m refers to the
number of radial (p) variations.

The propagation constant of the TE, , mode is with a cutoff frequency of
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The first TE mode Is the TE;; mode since It has the smallest o’ .
Because m > 1, there is no TE10 mode, but there is a TE,;; mode.

The transverse field components are,
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H, = ;’8 (Asinng + Bceosng) J, (kep)e /P2,
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Hy = _Jﬁf” Acosng — Bsinng) J,(k.p)e /P2,
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The wave impedance is
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A and B control the amplitude of the sin ne and cos ne terms, which are independent.
The actual amplitudes of these terms will depend on the excitation of the waveguide.

Now consider the dominant TE11 mode with an excitation such that B = 0. The
fields can be written as

H, = Asin¢ Ji (kop)e 77,

E, = —;_m,e:t Acos fi(kep)e Jpz
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The power flow down the guide can be computed as
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which is seen to be nonzero only when f is real, corresponding to a propagating
mode.



Attenuation due to dielectric loss iIs

k2 tan §
g4 =

. Np/m (TE or TM waves).

e

The attenuation due to a lossy waveguide conductor can be found by computing the
power loss per unit length of guide:
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TM Modes

we must solve for Ez from the wave equation in cylindrical coordinates:

33+1a+132+f ;
— - e, = 0,
pr  pop  pragr )"

where E,(p, ¢, z) = e,(p, ¢p)e /7 and k% = k* — B2

the general solutions e, (p,¢d) = (Asinng + Bcosng) J,(k-p).
the boundary conditions £:(p.¢) =0 atp=a.

-.r'{'}{k{“a} = 0,
then RF — P””I."IIH.

where py,, is the mith root of J,(x), that is. J,( ppm) = 0.



TABLE 3.4  Values of p,q for TM Modes of a Circular Waveguide

11 Pnl Pn2 Pn3

0 2.405 5.520 8.654
1 3.832 7.016 10.174
2 5.135 8.417 11.620

The propagation constant of the TMnm mode is
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the cutoff frequency is

k. Pnm
jt::"- e e "
W 2w ue  2ma e
the first TM mode to propagate is the TM,, mode, with p,, = 2.405.




Since py; = 2.405 is greater than ~ pj, = 1.841

the TE11 mode is the dominant mode of the circular waveguide.

m > 1, so there is no TM,, mode.

the transverse fields can be derived as

E, = _:LS (Asinng + Bcosnd) J (kep)e /P,
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The wave impedance Is 1M = 0= H -k
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the attenuation of the TE,, mode decreases to a
very small value with increasing frequency.

This property makes the TEO1 mode of interest
for low-loss transmission over long distances.
Unfortunately, this mode is not the dominant
mode of the circular waveguide, so In practice
power can be lost from the TEO1 mode to lower
order propagating modes.
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TABLE 3.5 Summary of Results for Circular Waveguide
Quantity TE;m Mode TM pm Mode
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EXAMPLE 3.2 CHARACTERISTICS OF A CIRCULAR WAVEGUIDE

Find the cutoff frequencies of the first two propagating modes of a Teflon-filled
circular waveguide with a = 0.5 cm. If the interior of the guide is gold plated,
calculate the overall loss in dB for a 30 cm length operating at 14 GHz.

Solution

The first two propagating modes of a circular waveguide are the TE11 and TMO1
modes. The cutoff frequencies can be found as

- ; Pyic 1.841(3 x 10%) 1 19 GH
11 - — — = 1. 2
T 2mage;  27(0.005)4/2.08
c 2.405(3 x 108
TMo; : fo= P ) 15.92 GHz.

2ray/er  27(0.005)4/2.08

So only the TE11 mode iIs propagating at 14 GHz. The wave number is

P 2 e, 2m(14 X 107)+4/2.08
- c - 3 x 108

— 4229 m™!,



and the propagation constant of the TE11 mode is

p= \(."II 2= (&)d = \(,I'IIMZZ-Q)Z - (ﬂ)_ —208.0m™ .

0.005

The attenuation due to dielectric loss iIs
kK tand  (422.9)2(0.0004)

o4 = = = 0.172 Np/m = 1.49 dB/m.
25 2(208.0)
The conductivity of gold is ¢ = 4.1 x 107 S/m. so the surface resistance is
{
R = |2 —0.0367 Q.
V 20

-

(ﬁ'gl + — 1) = 0.0672 Np/m = 0.583 dB/m.
P —

5

~ aknp

the attenuation due to conductor loss is .

The total attenuation 18 « = ag + «- = 2.07 dB/m. and the loss i the 30 cm
length of guide 1s

attenuation (dB) = e(dB/m) x L (m) = (2.07)(0.3) = 0.62 dB. ]



3.5 COAXIAL LINE
TEM Modes

the fields can be derived from a scalar potential function, which is a solution to

Laplace’s equation
In cylindrical coordinates Laplace’s equation

1 9 ( 8¢{p~¢5}) 1 32D (p. )
—— P T s—F5 ="\
p dp dp p- 0¢°

With the boundary conditions
$(a, ¢p) = 1,
O (b, ¢) = 0.

By the method of separation of variables, D(p, P) = R(p)P(¢).
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By the usual separation-of-variables argument,
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Applying the boundary conditions

d(a.¢p)=V,=Clha+ D,
O(b,dp) =0=Clnb+ D.

After solving for C and D, we get the final solution

The E and H fields can now be found using

— 1 A ~
e(x, yv) = —ViD(x, y), h(x, y) = - Z x e(x, y).

-ZTEM
E(x, v, z) = |e(x, y) + zes(x, va')]e_f’B Z,

H(x,y.z) = [h(x. y) + zh,(x, y)]e /P,



Higher Order Modes

The coaxial line, like the parallel plate waveguide, can also support TE and TM
waveguide modes in addition to the TEM mode.

In practice, these modes are usually cut off (evanescent), and so have only a
reactive effect near discontinuities or sources, where they may be excited.

It IS Important in practice, however, to be aware of the cutoff frequency of the
lowest order waveguide-type modes to avoid the propagation of these modes.

Undesirable effects can occur if two or more modes with different propagation
constants are propagating at the same time.
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For TE modes, Ez = 0, and Hz satisfies the wave equation of

394 1 9 1 32
( + - +ﬁ'§) h(p.¢) =0,

9> pdp  p* g7
where H,(p. ¢, z) = h,(p, $)e PZ, and k2 = k> — B

hip,d) = (Asmned + Becosnd)(CJ,(kep) + DYy(kep)).
Jou

&

The boundary conditions are

Ey (Asinng + Beos np)[CJ (kep) + DY (kep)le /P2

Eg(p, ¢, z) =0for p = a, b.

CJ (kcb) + DY, (k.b) = 0.



Because this 1s a homogeneous set of equations. the only nontrivial (C # 0, ) # 0) solu-
tion occurs when the determinant 1s zero. Thus we must have

g{};(ﬁ'rﬂ] I’;;(ﬁ'r:‘b:' — J?;(-IIl-E‘b) }T}(ﬁ'c‘ﬂ)v

This 1s a characteristic (or eigenvalue) equation for k...
1.0
0.9 An approximate solution of the cutoff number
0.8 — @b for the TE11 mode that is often used in practice
IS
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Field lines for the (a) TEM and (b) TE;; modes of a coaxial line.



EXAMPLE 3.3 HIGHER ORDER MODE OF A COAXIAL LINE

Consider a RG-401U semirigid coaxial cable, with inner and outer conductor
diameters of 0.0645 in. and 0.215 in., and a Teflon dielectric 2.2. What is the highest
usable frequency before the TE11 waveguide mode starts to propagate?

Solution
We have

b 2b 0.215

a2 22 0.0645

-y
= 2.22

From Figure 3.16 this value of b/a gives k.a = 0.45 [the approximate result 1s
kea=2/(1 + b/a) = 0.462]. Thus, k. = 549.4 m~!, and the cutoff frequency of
the 7F711 mode 1s

In practice, a 5% safety margin is usually recommended, so

fmax = (0.95) (17.7 GHz) = 16.8 GHz. ]



Coaxial Connectors




Coaxial Connectors

Most coaxial cables and connectors in common use have a 50 characteristic impedance,
with an exception being the 75 cable used in television systems. The reasoning behind
these choices is that an air-filled coaxial line has minimum attenuation for a
characteristic impedance of about 77 (Problem 2.27), while maximum power capacity
occurs for a characteristic impedance of about 30 (Problem 3.28). A 50 characteristic
Impedance thus represents a compromise between minimum attenuation and maximum

power capacity.
Connectors are used in pairs, with a male end and a female end (or plug and jack).

SMA: The need for smaller and lighter connectors led to the development of this
connector in the 1960s. The outer diameter of the female end is about 0.25 in. It can
be used up to frequencies in the range of 18-25 GHz and is probably the most
commonly used microwave connector today.



Homework

3.13 A circular copper waveguide has a radius of 0.4 cm and 1s filled with a dielectric material having
er = 1.5 and tan§ = 0.0002. Identify the first four propagating modes and their cutoff frequencies.
For the dominant mode. calculate the total attenuation at 20 GHz.
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