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XELILZ MAXWELL'S EQUATION

Differential form
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£ is the electric field, in volts per meter (V/m).!

H is the magnetic field, in amperes per meter (A/m).

D is the electric flux density, in coulombs per meter squared (Coul/ m?),
B is the magnetic flux density, in webers per meter squared (Wh/m?).
M is the (fictitious) magnetic current density, in volts per meter (V/ m?).
J is the electric current density, in amperes per meter squared (A/m?).

p is the electric charge density, in coulombs per meter cubed (Coul/m®).

Equations (a)—(d) are linear but are
not independent of each other.
Since the divergence of the curl of
any vector is zero,

(d) can be derived by (a).

(b) + the continuity equation => (c)

o . _ 9
continuity equation V-J+ £ =0,
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Maxwell’s equations KCL and KVL equations
Intearal form

s 7
j£I§~d§:0,
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Faraday’s law KVL

R N I -
f?é = _5[95'({5 - Lw - At low frequency % B=0
Ampere’s law | o
proai= [Dass 7052 [Doaisr § Edl=0==>3V =0

B 30 KCL ifa_p:() ==>V.J] =0
V-J+—=0 ot o
ot ==>¢ J-dS =0==>31=0
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low frequency (the wavelength A is much larger than device dimension D) -
(D<A/10)

ORUK -
- BB (MAXWELLARE) |, BEIXE2 5S4 (distributed circuit
elements )

- S, WRBEENET, RIXTTHoz—EK.

high frequency (the wavelength is on the order of device dimension) -
distributed circuit elements (D>=A/10)
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FIELDS IN MEDIAAND BOUNDARY
CONDITIONS — A

O For a dielectric material, D =¢E + P..

In a linear medium, the electric polarization (FBi#R{L32E) P, = gy E
Xe is the electric susceptibility (EBIREZR) .

1

D = eyE + P, =eg(l + xo)E E = ¢E,
The complex permittivity (Z /B FE%) of the medium
e=¢ —je'" =eg(l + x0)

VxH=joD+J the loss tangent (REEMAIEYD) |
— jweE + o E we” + o
- - tand = —
= jwe'E + (we” + 0)E we
=jw(e" —je”—j%)f, c=¢c — je’ =€'(1 — jtand)
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O For magnetic materials.

B = !"-*‘-r-[}("fv_:]r + pm)-

In a linear medium, magnetic polarization (or magnetization) B, = xm H.

B = po(l + X:rn)f_} = f-f-ga

Maxwell’s equation in a linear medium,

VxE=—jopH —M
erzﬁ'=;w€£_—{—j,
V»l_)=p

V-B=0
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O Fields at a General Material Interface

Medium 2 . D2 _AS
S ks
+ \"--_--'/ pS

N—

Medium 1 T D,
MAMB R (Four boundary conditions)
i D -ds = fV pdv. ASDj, — ASDy, = ASps,
Dy, — Dy, = ps, fi-(Dy — Dy) = ps.
jél?«dE:U, #i-By =" B,
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[ Fields at a Dielectric Interface

At an interface between two lossless dielectric materials, no charge or
surface current densities

n-Dy=n- Dy,
n-By=n- By,
nx Ey=nx Ey,
nx H =nx H.
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0 Fields at the Interface with a Perfect
Conductor (Electric Wall) o — o0

All field components must be zero inside

the conducting region. The fields in the
dielectric

R
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n X

—> E=0

Electrical wall i1s analogous to an
short-circuited transmission line.

O The Magnetic Wall Boundary
Condition (magnetic wall)

The tangential components of H
must vanish. The fields in the

dielectric
n-D=0,
n-B=0,
nx E=—M,,
nx H=0,

Magnetic wall is analogous to an
open-circuited transmission line.
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Space wave (== 8]3K)

O #OE R =M
= TEK- FEKE  (Plane wave)

TR, e, BEENEKRSES, THBE T
= Z5|3K - guided wave

TR . HSTEE KT AXNEREE
= K&K — antenna wave

HIEE ()P
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K spacewave VxE=—joud
o FEAILIREIRE, BFOIEEK = . =
Vx H= jmt’E
V.D= P
V-B=0

* In a source-free, linear, isotropic(&[=l[E]1%), homogeneous (t3%])

region, _
The Helmholtz Equation
VxE=—jouH,

V x H= jwekE, V’E + (UZ;LEE = 0,
V.EZO ; V’H + o’ ueH = 0.
VeH =0

k= w./jue

propagation constant (also known as the phase constant, or wave number),
of the medium; its units are 1/m.

16
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O —4KzhE1E

Plane Waves in a Lossless Medium

E, H#=zRIRE, z=2EBHEE

VZE—>822E

01
O’E, 1 &%E, . Ey o,
7 o o X 9-2 +Ex =0.

1

HARE e

ﬁ?‘iﬁgﬁg EI(:} — E-I-E—j'ﬁ'z —FE_EIFE.

Ex(z, t) = ET cos(wt — kz) + E~ cos(wt + kz),

O =

FFTEME, &8 m, MA=mREEMN.
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the phase velocity is the velocity at which a fixed phase point on the wave travels

P T d

k. /e

In free-space, we have v, = ¢ = 2.998 X 10° m/sec, which is the speed of light.

B dz d (wr — mnstant) W 1
L...

The wavelength, 4, is defined as the distance between two successive maxima
(or minima, or any other reference points) on the wave at a fixed instant of time.

(wft — kz) — [wft —k(z+1)] =27,

21T B ZJT‘UP vp

A= = = .
k 0] f
Using Maxwell’s equations
- 0E, 1 o L
Hr].-:L - L = —(Ete TR —E_ejk"),
' wiL o0z n
H\' — H: — 0,
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® j istheintrinsic impedance (Z{EPAHT) of the medium.
® The wave impedance (EPE$T) isthe ratio of the E and H components.
® For planes waves, the wave impedance is equal to the intrinsic impedance of

the media

n=wu/k=\|L/€

In free-space the intrinsic impedance is 7,= 377 ohm.

The E and H vectors are orthogonal to each other and orthogonal to
the direction of propagation (X "z); this is a characteristic of
transverse electromagnetic (TEM) waves.

19
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EXAMPLE 1.1 BASIC PLANEWAVE PARAMETERS

A plane wave propagating in a lossless dielectric medium has an electric field
given as Ex = E, cos(wt —fz) with a frequency of 5.0 GHz and a wavelength
in the material of 3.0 cm. Determine the propagation constant, the phase
velocity, the relative permittivity of the medium, and the wave impedance.

Solution:
i 27 2m .
The propagation constant hk=—= = 2094 m™",
Py 0.03
; w er y L 9 8
The phase velocity p === Af = (0.03) (5 x 107) = 1.5 x 10° m/sec.

2 8 2
The relative permittivity of the medium = (i) = (M) =4.0

20
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If the medium is conductive, with a conductivity ¢, Maxwell’s curl equations

- _ ) _—
‘?x‘?f_—jwaH, ) ?2E+m2;15(1—j—)E=U,
Vx H=jweE +0FL. we

—
y =atjf = jovie/l-J v =w/p,  h=2n/p

e

Y = jo e = jk = jw\ﬁf,e-’(l — jtand),
If we assume an electric field with only an x component and uniform in x and vy,

02 _ ial
6 Eé — y?E, =0, Ex(z) =ETe " + Ee”. eV =e e I,
oz '
" OEy  —j . ] jo
H, = J — = ”(E”Le‘ﬂ’-' — E™e"?). 77=—J a
w oz L y

If the loss is removed, o= 0,and we have » = jkand @ = 0, B = k.

21



X#L4AZ Plane Waves in a Good Conductor

SHANGHAI JIAOTONG UNIVERSITY

In a good conductor, the conductive current is much greater than the
displacement current, which means that o > we.

B Y I.'IIT - - ."Iw'ﬁi—ﬂ” a —‘?‘:ﬁy’ﬁ%ﬁéﬁa
V—CHJrJﬁ—jwwLE\;m =1+ f THEBEH

o

The skin depth, or characteristic depth of penetration, is s, = 1_/2
WO

Thus the amplitude of the fields in the conductor will decay by an amount 1/e

jopu . [op L1
= — ™ ]_ | — = 1 .
r; » ( +;)\'; 7y = ¢ +;)H§E

® The phase angle of the impedance is 45°, good conductors.

® The phase angle of the impedance for a lossless material is Oe.

® The phase angle of the impedance of an arbitrary lossy medium is
between 0c and 45¢ .

22
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EXAMPLE 1.2 SKIN DEPTH AT MICROWAVE FREQUENCIES

Compute the skin depth of aluminum, copper, gold, and silver at a frequency
of 10 GHz.

Solution
The conductivities for these metals are listed in Appendix F.
F 03 x 1073 / : 8.14 x 1077
6 or aluminum: §; = 5.03 x ‘1' 3816 < 107 = X
: w;m ;rf,u[}cr 3 ." 1 _7
For copper:  8; = 5.03 x 107 VE8I3 < 107 = 6.60 % 107 'm.
= 5.03 x 1073
“m J I.' 1
For gold: ds = 5.03 x 10_3\’ 1098 <107 = 7.86 x 10~ "m.
/ |
For silver: ds = 5.03 x 10_3\’ 6173 <107 = 6.40 % 10~ "m.

These results show that most of the current flow in a good conductor
occurs in an extremely thin region near the surface of the conductor.

23
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TABLE Summary of Results for Plane Wave Propagation in Various Media

Type of Medium
Lossless General Good Conductor
Quantity (" = o =0) Lossy (" > e’ oro > we')
Complex propagation y = jo/ie Yy = jo/ie y = (14 ))Jous/2
constant o — [ o
= joy e |1 —j—
\ We'
Phase constant p=k=w/le B = Im{y} B =Im{y} = ouc/2
(wave number)
Attenuation constant a=0 o = Re{y) a = Rely} = Jopo /2
Impedance n= e =wu/k n=jowr/y n= (14 j)Jou/2c
Skin depth dg = 00 ds = 1/ 8s = /2jopo
Wavelength r=2n/8 A=2m/B A=2m1/B
Phase velocity vp = w/f vp =w/p vp =w/p

24



X#X4£% GENERAL PLANE WAVE SOLUTIONS
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In free-space, the Helmholtz equation for E can be written as

25 125 dEE EE aEE

for each rectangular component i = x, v, or z.

J°E; 9%°E:. O%E,
szt 5zt thiEi =0

solved by the method of separation of variables
Ei(x, v, z)= f(x)g(y)h(z).

Substituting this form into the partial equation

f_i' r g_ﬂ' r JIE} rr 2
k2 =0,
PR

Each of the terms in the equation must be equal to a constant because they
are independent of each other.

25
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f'1f ==k g'/g =—k: W=k kA ky k=
Ef (fzg deh
a8 12, _ 0 27
K =0; 2 the=0 T 4+kh=0.
. o X +ky y+FE.z
The solution for Ex: Ey(x, v, 2) = Ae T ExThYTED,
The wave number: = ko + ;;J_.j‘.- + k-2 = kon.

n is a unit vector in the direction of propagation.
Ex(x, y,2)= Ae kT
The total solution: E,(x,y,z) = Be %7,

E-(x,v,z) = CeJk7

26
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Since V.E = = =10
dx T dy T 0z
Eo= A% + By + C? E = Ege /*
V.E=V.(Ee Fy=Ey Ve /¥ = —jk. Ege /¥ =0

Then -, Eﬂ — 0.

The electric field amplitude vector E, must be perpendicular to the
direction of propagation k.

Vx E=—jouH,

A=-LlvxE = v« (E{}ea_ﬁz"_'} = —L By x ve kT
WLy WfLn WL
-] = - T = k _ = 1 . _
= —jEﬂ x (—jk)e /T = ' 5 x Ege /¥" = —h x E,
WLy i no

27
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The time domain expression for the electric field

E(I. v, Z, [y = RE‘{E_I(I. V, :)ej.mz}
_ RE{E{}E_};}'FEI{”I}

= Eﬂ -:205(:’:* - — wt),

tnl

AR R

N

o
X

Orientation of the E, H , and k = kyn vectors for a general plane wave.

28
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EXAMPLE 1.3 CURRENT SHEETS AS SOURCES OF PLANEWAVES

An infinite sheet of surface current can be considered as a source for plane
waves. If an electric surface current density 7 — j,# existsonthe z= 0 plane
In free space, find the resulting fields by assuming plane waves on either side of
the current sheet and enforcing boundary conditions.

Solution:
Since the source does not vary with x or y, the fields will not vary with x or y

but will propagate away from the source in the =z direction. The boundary
conditions to be satisfied at z = 0 are

ﬁ)-fi[Eg-El):f}{(Eg—El]:ﬂ.
Ax(Hy — Hy) =2 x (Hy — Hy) = Jyx.

H must have a ¥ component.

29
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forz < 0, E| = £ Angel 0, forz > 0, E; = % Byge 772,
H =54/, H, = {Be~ /%07,

The first boundary condition, that E, is continuous at z = 0, yields A= B,

The boundary condition for H yields the equation
—B — A4 =..

Solving for A, B gives
A=B=-—-Jy/2,

30
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E FieldlY_per_m
1.80863e+203
9. 434124082
8. 8852e+002
8.1763e+202
7.5473e+002
5.9184e+232
6. 289%e+082
5. 6685e+802
5.8316e+0802
4. 4326e+082
3.7737e+002
3.1447e+002
2.5158e+202
1.8868e+002
1.2573e+282
6.2897e+201
2.5820e-003

L T
0 200 400 (mm)

Magnitude Ex in xoz Plane.
Jx is the source of plane wave.
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H Field[A_per_m

2. 8174%e+000
6413e+000
4653e+000
2832e+000
1131e+200
9371e+020
7610e+000
5849e+000
4089e+200
2328e+000
8568¢+000
8878e-001
2463e-091
2857e-081
5251e-881
7645e-001
8571e-084%

CISEEC) 0 w0 BAV RS ER R R NG,

0 250 500 (mm)

Magnitude Hy in yoz Plane
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Poynting[W/m~2]
. @Y3he+883
BZEGe+E03
9517e+E02
7556e+E02
5295e+802
3854e+802
B772e+0E02
8511e+802
6250e+882
3959e+202
1728e+802
4EGe+ER2
7285e+E02
4abke+E02
2683e+802
a4Z1e+0E02
. §16Ee+EE02Z

[

L - - - T R T T Y S

Poynting vector

250

500 (mm)
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r#ii£%  ENERGY AND POWER

A source of electromagnetic energy sets up fields that store electric

and magnetic energy and carry power that may be transmitted or
dissipated as loss. 1 o
W, = 7Re[ E.-D*dv,

14

In the sinusoidal steady-state case, the time-average stored electric
energy in a volume V is given by

€ -
ﬁ-‘}:—f E-E*dv.
g

1 I i
2y

S
W, = Ef H-H*dv,
4 Jv A volume ¥, enclosed by the closed
surface S, containing fields . £, . H,
and current sources Js , Ms .

34
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Poynting’s theorem leads to energy conservation for electromagnetic fields and

sources. 1 [ - - - 1 [ - o [ -,

—7f (E-J*+ H*- M,)dv = —% E x H*-d§+7f |E|” dv
= Jv S = Jv

5

-

—_—

w = ~ 9 RO — 5 o=
+7fuﬂwr+uﬂHWMv+r;fuﬂHr—€MTM%-
Vv v

—

* the complex power Ps delivered by the sources

1

PS:—;[(E-i*+ﬁ*-z133)dt!.
Z Jv

* The complex power flow out of the closed surface

1 _ - 1 -
P,=—@QExH"ds=—¢ S-ds.
2 5 2 N

* The time average power dissipated in the volume V due to
conductivity, dielectric, and magnetic losses.

o - 5 w -, = 4
&z:fwwﬁ+7fwwhﬂﬂM1@,
<2 Jv z Jv

° ° . .w nrr2 N2
* the stored electric and magnetic energies i f1 (W H|” = €|E[7) dv.

In Summary P; =P, + Py + zjw”{?m — W,).

35
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L #EXLLE Poger Absorbed by a Good Conductor

the power dissipated in the conductor can be accomplished using only the fields

at the surface of the conductor

-
-
=

F
m

t
c.

S S
-

An interface between a lossless
medium and a good conductor
with a closed surface SO + S for
computing the power dissipated
in the conductor

1

PCI"\' :?Rﬁf EXE'*'TJ}({S.
Sg+35

(Nl

Since the integral on S surface is zero and

the surface resistance (<8 F8.PH)of the conductor

o W/l 1
R.=Re{n}=Rej(1+j),/— ¢ =,/—=
20 20 od;

the surface current density

Jo=nx H

36



YEALLE Homework

1.2 A plane wave traveling along the x-axis in a polystyrene-filled region with €, = 2.54 has an elec-
tric field given by Ey = Eq cos(w? — kx). The frequency is 2.4 GHz. and Eq = 5.0 V/m. Find the
following: (a) the amplitude and direction of the magnetic field. (b) the phase velocity. (c) the wave-
length, and (d) the phase shift between the positions x; = 0.1 mand x, = 0.15 m.
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