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Transmission line theory




Transmission line theory

= Transmission line theory bridges the gap between field
analysis and basic circuit theory.

= an extension of circuit theory

= a specialization of Maxwell’s equations
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O THE LUMPED-ELEMENT CIRCUIT MODEL
FOR A TRANSMISSION LINE

O FIELD ANALYSIS OF TRANSMISSION LINES

O THE TERMINATED LOSSLESS TRANSMISSION
LINE
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Circuit analysis assumes that the physical
dimensions of the network are much smaller than the
electrical wavelength. (Less than one tenth of
wavelength )

The transmission lines may be a considerable fraction of
a wavelength, or many wavelengths, in size.

Thus a transmission line is a distributed parameter
network, where voltages and currents can vary in
magnitude and phase over its length.
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A transmission line is often schematically represented as a two-wire line
since transmission lines (for transverse electromagnetic [TEM] wave
propagation) always have at least two conductors.

e R = series resistance per unit length,
o s for both conductors, in /m.
- P L = series inductance per unit length,
@ for both conductors, in H/m.
ot e +Az, § G = shunt conductance per unit length,
A — 7 in S/m.
+ RAz LAz + . .
Qé C = shunt capacitance per unit length,

= CAz v(z+ Az, 0

) in F/m.

0

di(z, t)

v(z, t) — RAzi(z, t) — LAz

—v(iz+ Az ) =0,

ov Az, t
i(z,t) — GAzv(z+ Az, t) — CAz L(ZT 5 1)

—i(z+ Az t)=0.
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BL';Z. D _ _Ritr -1 d;(; 2] telegrapher equations.
il
0i(z, t) ) dv(z, 1) R E? \
=Gz - C———. BaMEss, HaX?
For the sinusoidal steady-state condition, Wave equation
dV(z) , Ve o
= —(R+ jwl)I(2), i V(z) =0,
> 1 3
ﬂ"f(f] = —(G+ jw(‘) [f[z}r . (22) —y-Il(z) =0,
dz dz

the complex propagation constant, y =a+ jp = (R+ jol)(GC+ jol)

attenuation constant phase constant

i ; (7)) = VTe V2 = oV Z
Traveling wave solutions Viz) = Ve + Ve,
[(2) = If eV + Iy e,

wave propagation in the +z direction  wave propagation in the -z direction
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V — —
I(z Ve ™7 — V5 e'?).
(2= R+ jol ( o €”)

otice i . R+ joL R+ jowl
characteristic impedance 2o = ITJON J J

14 G+ joC
Iig—'_ . -V If;—l_ V-
—:Z@: _D+ —]»’E__}rz
Ir I I(z) = 7 7 e
In time domain v(z, t) = | V| cos(wt — Bz + ¢T)e

+ |V |cos(wt + Bz + ¢~ )e*?,

¢~ is the phase angle of the complex voltage Vﬂi.
2

5

the wavelength on the lineis A =

= AL

the phase velocity v, =

®
p
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In many practical cases, however, the loss of the line is very
small and so can be neglected, R = G = 0 resulting in the
attenuation constant « Is zero.

p=wvLC, y =a+ jB = jov ILC,

a = 0.

[’;[f] = [x’;l_ E-_jﬁz _|_ [{_]_ L:“Iﬂ 31
I+ —

= 9 Bz _ 0 LBz,
1(z) 7 e 7 e/
) 2 2w
A = — = .

p w L C

XTEE - ﬁ%ﬁlzﬁ'—?qz]

™| &

B AR
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Rederive the time-harmonic form of the
telegrapher’s equations starting from Maxwell’s
equations.

Derive the transmission line parameters (R, L, G, C)
In terms of the electric and magnetic fields of the
transmission line

Derive the telegrapher equations using these
parameters for the specific case of a coaxial line.
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”g’ "“‘ Transmission Line Parameters

——F Consider a 1 m length of a uniform
A - transmission line with fields E and H. Let the
& ¢. voltage between the conductors be V.e*i#z and
the current be I g*if7

5 The time-average stored magnetic energy

Field lines on an arbitrary  for this 1m |ength of line
TEM transmission line.

S is the cross sectional W, = Ef H - H*ds.
surface area of the line 4 Js

From circuit theory
[’Hn — L|Iﬂ|:f‘4

The self-inductance per unit length £ = “‘|,, f - F*ds H/m.
ol™ J8

1
The time-average stored electric energy per unit length
W, = < [ F. Bt s, From circuit theory W, = ¢
T JS

i ) C = é S f E . E*ds F/m.
The capacitance per unit length: [Vol* Js
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The power loss per unit length due to the finite conductivity of the
metallic conductors Is R

=t i e YOMCITCUlt theory
e Fe = RILF/2
the series resistance R per unit length of line is
R o
= H - H*dl Q/m.
|JFL3'|L Ci14+C5
the surface resistance of the conductors R, = 1/08s 5, = T_ ]2

o WLT

the time-average power dissipated per unit length in a
lossy dielectric Is

we . From circuit theory
Pﬂl‘ = Tf E . .E*dE..
= 5

Py = G| Vo|*/2.
the shunt conductance per unit is

rr

. we”

e =¢ — je’ =€ (1 — jtané) G = W.LE E*ds S/m.
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EXAMPLE 2.1 TRANSMISSION LINE PARAMETERS OF A COAXIAL LINE

The fields of a traveling TEM wave inside the
coaxial line
e
P E — [ﬂ“a e V?
(A . plnbfa IR
N NE=8
e -2, RS

where 7 Is the propagation constant of the line.
The conductors are assumed to have a surface
resistivity Rs , and the material filling the space
between the conductors is assumed to have a
complex permittivity € =€ — je” and
permeability © = pofir

Determine the transmission line parameters.
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L = - = fzn fb ipdpdqb = ilnb/a H/m, Be.
(21)* Jp=0 J p=a p? 2T
e’ 2t b 2we’
— (nbja? Sy [;;:a Eﬁdﬁdqf’ = e F/m,
R, 7] ] Ry (1 1Y\ _
— o) f(ﬁnazadqb+f¢ﬂb2bd¢} =2:!r(a+b) 2/m,

- we" 27 /‘5 1 dodd 277 we” o/
= — = /m.
(Inb/a)? Jyp=0J, 2 PP b/

=a P
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TABLE Transmission Line Parameters for Some Common Lines

COAX TWO-WIRE PARALLEL PLATE

|-I:— Hf—b-|

G
OG

b i D d

L iln — ® cosh™! He
2w a T 2a w

c 2me’ e e'w
’ Inb/a cosh™1(D/2a) d
R /1 1 R 2R

R = ( — 4 - :
2r \a b Ta w

C 2mwe’’ mTawe” we' w

Inb/a cosh™! (D/2a) d




r#zdx%  The Telegrapher Equations Derived from Field
SHANGHAI JIAO TONG UNIVERSITY AnalySiS Of a CoaXiaI Line

The fields inside the coaxial line will satisfy Maxwell’s curl equations,

Vx E=—jorH, Refer to
Vx H= jweE, Appendices

A TEM wave on the coaxial line will be characterized by Ez= Hz= 0
Due to symmetry, the fields will have no @ variation, so d/d¢ =

where € =€’ — je”  may be complex to allow for a lossy
dielectric filling. Conductor loss will be ignored here.
dEy, dE, 19

—p— ——(pEy) = — jou(pH, + ¢ Hp).
o 5 + ¢ p +zp, (0 Egp) Jou(p Hy 4+ ¢ Hy)

J0Hy . dH, 1 o
—p— + + 7—— = E,+¢FE
0 o b P Epd (pHyp) = jwe(pE, b b))
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Since the z components of these two equations must vanish,

E, = 19

To satisfy the boundary condition that E ,=0 at o= a, b, we must
have E ,= 0 everywhere.

Fromthe o component %, =0.
JE
— P = — joop Hy,
0z P h(z)
SH{I} r 0 — p .
— = — jwe k. r
dz dh(z) .
97 = —joug(z),
dgo
8) = — jweh(z).

dz
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The voltage between the two conductors

, b b dp b
V(iz) = f Ey(p, 2ydp = h(z) — = h(z) In —,
p=a p=a é
the total current on the inner conductor at o=a Is
2
[(z) = Hy(a, z)adp = 2mg(z).
=0

h(z) and v(z) are in form of waves.

h(z) = h(0)e " V(z) = Vye ¥?

= II;L?J'[E' —pZ
S0 E= pIn b/ae
H = ot e ¥,

2mp
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d V(z) B rw,uhlbfaf
az —/ 2w (z
> iz . (e — i H]231' V(z2)
oz U T mba
a1 (z
N @) _ el
d1(z) ,
= —(G+ joC)V(z).

The conductor is perfect so R=0.
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Propagation Constant, Impedance, and Power Flow for the Lossless Coaxial Line

JE , ,
8 - — _jm‘iLHﬁh' a;Ep b
z —— +w ek, =0,
9 H, | 0z°
0, = — jwe Ep.

Propagation Constant ¥~ = —w?”ue

For lossless media B = w. /e = wv LC,

this propagation constant is of the same form as that for plane
waves In a lossless dielectric medium.
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The characteristic impedance of the coaxial line is

Vo Ep,Inb/a nlnb/a [1nln b/a
/o = = = /

A 2 Hy - o Ve 27
The power may be computed From the Poynting vector as

1 [~ - | A9
=§fEKH**dE=§[ f ;g pdpdp =
s ¢=0Jp

—a 2mp“Inb/a

E

¢in

ToFEEI s a0 FAIn S4B ?
IR ?

VoI,

o’
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2.1 A 75 € coaxial line has a carrent 7 (f,z) = 1.8 cos(3.77 % 10° t — 18.13z) mA. Determine (a) the
frequency. (b) the phase velocity. (c¢) the wavelength. (d) the relative permittivity of the line, (e) the
phasor form of the current. and (f) the time domain voltage on the line.

2.2 A transmission line has the following per-unit-length parameters: L = 0.5 uH/'m. C = 200 pF/m.
R = 4.0 Q/m, and G = 0.02 S/m. Calculate the propagation constant and characteristic impedance

of this line at 800 MHz. If the line 1s 30 cm long, what is the attenuation in dB? Recalculate these
quantities in the absence of loss (R = G = 0).

2.5 For the parallel plate line shown in the accompanying figure. derive the R. L. G. and C parameters.

Assume W d.
/ Vi
7




X EXLLE Appendice

SHANGHAI JIAO TONG UNIVERSITY

Cvlindrical coordinates:

0
- 14 1A, 0A,
- 14, dA - (0A dA, 1T adpAs d A
vazn(_ _ i +¢( e 4 5= (P}_ 2
p Og 0z dz ap 0 dp dep

v%__la(ew L Larr 8
- P ) T 202 T 32

VZA=V(V- A) =V xVxA
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2. I(2)

Z. B Vi

Y

_=ZL_ZDV_|_
] ZL‘}—Z[}G

the voltage reflection coefficient,

Viz) = Vi (e /P74 Telf?),

Vr . .
I(z) = -2 (e /F7 —Te/f?).
2o

X #X44% 3 THE TERMINATED LOSSLESS TRANSMISSION LINE

Assume that an incident wave of the
form V,* e1PZis generated from a
source at z < 0.When the line is
terminated in an arbitrary load Z, #Z,,
the ratio of voltage to current at the load
must be Z, . Thus, a reflected wave
must be excited

V(z) = Vﬂ+e_~f‘82+ V{;ef"ﬁz.

/T . V= .
I — 9 o JPz_ o _;ﬁz‘
(Z) 7 e Z e
VG_ Z1 — 2o
[N = — .
Vit Zr+ 2o
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the time-average power flow along the line at the point z:

PﬂYE — ERE{ V(Z)I(Z)*} — l| Vo | RE{]. _ l—w#e—zjﬁz + Fez_jﬁz . |l—“2},
) 2 2 2
VT o 7, ’
~ : : - L |V;?
If " = 0. maximum power is delivered to the load, Fue = A
0

II'| =1 no power is delivered Poug =0

When the load is mismatched, not all of the available power from the
generator iIs delivered to the load. This “loss” is called return loss (RL),

RL = —20log|I'| dB,
A matched load (I" = () hasareturn loss of e« dB (no reflected power),

A total reflection (|I"| = 1) has a return loss of 0 dB (all incident power is reflected).
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If the load is matched to the line, ' = 0 and the magnitude of the voltage on the
lineis (7| =| VH.

When the load is mismatched, however, the presence of a reflected wave leads
to standing waves, and the magnitude of the voltage on the line is not constant

but oscillates with position z along the line.
V()| = |V;F 11 + TeP?| = | V|1 + e /P
= | VFII1 + [T e/O72P0),

The maximum value Vinax = | VS [(1 4+ |T]). SEEE,
The minimum value Vnin = | V(1 — |T)). TR XER?
I‘ina:{ 1 + |r|

The standing wave ratio (SWR or VSWR) (3F8EE), SWR = =TT
SWR is a real number such that 1 < SWR=< oo,

where SWR = 1 implies a matched load.
AS |T'| Increases, the ratio of Vmax to Vmin increases
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V(2| = |V II1 4 TeXP?| = | VF||1 + Te2/PY
= |VF||1 + |T|e/¥=2F0))
the distance between two successive voltage maxima (or minima) is

|= 27/2p = wi/2m = /2,
the distance between a maximum and a minimum is = z/24 = /4,
7~ =Bt

The reflection coefficient ) — ‘u:-‘ (e~
V" elbt

At a distance |= —z from the load, the input impedance seen looking
toward the load is

L V=0

m — f{—f}

EEMENARNME L, A5 8AE?
%EQWMH%7ﬁAEMMH%7

F(efft+Te /Pty 14 Te 2Pt
(et — T e=JPL) 07 1 _Te-2Bt

!
Var
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the transmission line impedance equation

Viz) = V;’ ({_j._fﬁz + ]'*{_Tuf,rsz)1

vt | F=Vg_=ZL—Zg‘
I[(z) = ——(e Jbz _ Fe”ﬁz). vt Zr+ 2o
2o
7 _ Lt Zo)elPt + (Zy — Zp)e™/P*
TN T+ ZoyelBt — (7 — Zo)e—Jbt ‘
_ /1 cos Bl + jZysin pe N FR$LEY
— Y Zycos Bl + jZ1 sin pe B ER 2 X7
— 7 /1 + jZytan pe
Zo+ jZrtan g
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Special Cases of Lossless Terminated Lines c——— 20 Vi

(1) Alineis terminated in a short circuit — E—

V(z) = V(e /F? — /F?) = —2j VT sin Bz,
0 J Vo

[(z) = E(e_fﬁz 4 efﬁz) = ﬁcmsﬁz
AR | A '

V =0 at the load ( for a short circuit), while the current is a
maximum there.

o SHIEAT, i BN PRAR SRR ?
Zn=jZ0tanpl,  FEfEfaTEE?

It is purely imaginary for any length and to take on all values
between +joo and —joo. When | = 0 we have Z;, = 0, but for | =
A/4 we have Z;, =co (open circuit).

» The impedance is periodic in | repeating for multiples of A/2.
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V2
27V

1_
\l | | >
D\ z , . .

2 V(z) = V,f (e /P? — e/P?) = -2V} sin Bz,
7+ 7+
(a) ["'D _ 2['
I(z :—E‘-’F‘Bz EJ’BE:—DCDS Z,
A ‘EZ:HL ( ) Z{] ( + ) Z{j 'B

1| =@

L
|
4a-|§;:"
|
b | =
. |
| B
—
[
Y

N

| |
\ i\ i . Lin = jZptan BE,
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(2) the open-circuited line 71 = 00. [ =1

W), (2) V(z) = VF (e P74 &/P%) = 2V cos Bz,

= V+ : : —2jV+
Zy. B Vi Zp =00 [(z) = 2 (e /F7 — /F?) = 222 sin B,
—— 5 Z‘D‘ 0
| | . ;
" 0 > Lin = —jZycot BE,

_
—
fuh

P | =
-

~
o

S A

3 I(Z)ZO

2,V

Il.“ilm

L
=g
|
— -
=]
B
|
Iy P
|
> 1
wY
i

L

I
=€

|
£ | o

|
N P

Y
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(3) consider terminated transmission lines with some special lengths.

Z; + jZotan fe
Zy+ jZptan Bl

If 6 =5/2. Zg=2;,

Zin = £

A half-wavelength line (or any multiple of 4/2) does not alter
or transform the load impedance, regardless of its
characteristic impedance.

If the line is a quarter-wavelength long { =r/4+ nr/2.

72
Zin =0 .

A quarter-wave transformer because it has the effect of
transforming the load impedance in an inverse manner,
depending on the characteristic impedance of the line.
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Reflection and transmission at the junction of two transmission
lines with different characteristic impedances.

Consider a transmission line of characteristic impedance Z, feeding a line of
different characteristic impedance, Z,. If the load line is infinitely long, or if it is
terminated in its own characteristic impedance, so that there are no reflections
from its far end, then the input impedance seen by the feed line is Z,.

71— Zy
ZE

The reflection coefficient is T
V(z) = Vi(e /P +TeF?), z<o,

Viz) = IL;" Te /PZ forz = 0.




YEXARY

SHANGHAI JIAO TONG UNIVERSITY

Equating these voltages at z = 0 gives the transmission coefficient,

AR 2/
['=14+T=1+ = .
L1+ 2o 21+ Zo

The transmission coefficient between two points in a circuit Is
often expressed in dB as the insertion loss, IL,

L = —20log | 7|dB.

the ratio of two power levels P1 and P2 in a microwave system is

expressed in decibels (dB) as P
101og dB.
P .
—+=2->3dB E=O.1—>-1OdB %z0.0l—)-ZOdB
2 2 2
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Using power ratios in dB makes it easy to calculate power loss or gain through
a series of components since multiplicative loss or gain factors can be
accounted for by adding the loss or gain in dB for each stage. For example, a
signal passing through a 6 dB attenuator followed by a 23 dB amplifier will
have an overall gain of 23 — 6 = 17 dB.

: % 5,
Iy \II 1

V2R V
] ] 1 2
Decibels can be represented by voltage ratio, 10l 5 R 20 log

—

i)

p—

[ ]

: v
If the load resistances are equal, 201og —L dB.

~

The ratio of voltages across equal load resistances can also be expressed

In terms of nepers (Np) as |
In 7 Np.
&

I Np = 10log & = 8.686 dB.

If we let P, =1 mW, then the power P, can be expressed in dBm 101og B iBm

T

1 mW
A power of 1 mW is equivalent to 0 dBm, while a power of 1W is equivalent to

30 dBm.
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2.8 A lossless transmission line of electrical length = 0.3 is
terminated with a complex load impedance as shown in the
accompanying figure. Find the reflection coefficient at the load,
the SWR on the line, the reflection coefficient at the input of
the line, and the input impedance to the line.

- ]=03A -
S ——————————————————————————
Zin—> Z,=75Q Z; | Z;=30—720Q




