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4 THE QUARTER-WAVE TRANSFORMER

* The quarter-wave transformer is a useful and practical circuit for
Impedance matching.

* A lossless piece of transmission line of (unknown) characteristic
iImpedance £, and length A/4.

* to match the load to the £, line by using the A4 section of line
and so make I'=0looking into the A4 matching section.

R; + jZ;tan ¢
'z + jRytan Bl

Lin = 2

Bt =(2m/r)(A/4) =m /2. Zin =

In order for I’ = 0. we must have Zijpn = Zo

Zy =/ ZoRy,
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The quarter-wave matching transformer.

There will be no standing waves on the feedline (SWR = 1), although there
will be standing waves on the 4 4 matching section.

the above condition applies only when the length of the matching section is
A /4 or an odd multiple of 4,4, long, so that a perfect match may be achieved
at one frequency, but impedance mismatch will occur at other frequencies.



EXAMPLE 2.5 FREQUENCY RESPONSE OF A QUARTER-
WAVE TRANSFORMER

Consider a load resistance R, = 100 to be matched to a 50 line with a quarter-wave
transformer. Find the characteristic impedance of the matching section and plot the
magnitude of the reflection coefficient versus normalized frequency, f/ fo, where fo is

the frequency at which the line is 4/4 long.

Solution
The necessary characteristic impedance Is 71 = /(50)(100) = 70.71 Q.
Zin— 7, Rr + jZ; tan BE
Ty =22 Zo=zy S I ZPE
Zin+ Zo Z1 + jRy tan pf
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Reflection coefficient versus normalized frequency for
the quarter-wave transformer



5. The Multiple-Reflection Viewpoint

e The partial reflection coefficient of a wave
M1 Incident on a load Z1, from the Z0 line.
I, *—u I, — Z1 — 2
A 2 R; Zl —|—Z{]

N0 >r, e partial reflection coefficient of a wave incident
on a load Z0, from the Z1 line.

- A4
I —1}'—};'1‘———— -~ 7 = ZI:I_ZI = —
NG < T =
I, ] . .. ..
i, <~ e j) partial reflection coefficient of a wave incident
- ¥ ry) on a load RL, from the Z1 line.
f R-Z
= 5—7




partial transmission coefficient of a wave from the Z0 line -1
into the Z1 line. . o
I, <—
- 24 [T =14T P %
Z1 + Zo — 1T
partial transmission coefficient of a wave from the Z, line NG >rn <
Into the Z, line. L2 - A
S L+ 2 1 Iy
[ ——r— - rﬁj
- .. - . T, .
total, reflection coefficient of a wave incidentonthe 4/4  -nzr, 4—~;F_,____{__\
transformer ) _} o, < Ble Y
I=T1— L5l + LGOI — T GOSTS + - - o r; )
00 ' <
=T =G ) (-l |
_ 24— 2ok Under steady-state conditions, an infinite
(L1 4 Zo) (KL + Z1) sum of waves traveling in the same

direction with the same phase velocity can

| 1if we choose /1 = 2o K. =0 _ _ _ _
be combined into a single traveling wave.




6. GENERATOR AND LOAD MISMATCHES

Both generator and load may present mismatched impedances to the transmission line.
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The input impedance looking into the terminated ~ Zin = Zo-— P2 = 27 2 an B

transmission line from the generator end is,

Zy =7
The reflection coefficient of the load: e = zﬁ n zz'

The voltage on the line V(z) = V(e /7 4 Tyelf?).

we can find V,+ from the voltage at the generator end of the line,

=1, — VF (e 4 Tpe /P,
° Zin + Zg ¢ ( : )



Vr =1V, Zin : L _v 2o e Pt
’ " Zin+ Zg (Ejﬁg + ]"fe—jﬁf-) -8 Zo+ Zg (1 = Ty Tpe 28

the reflection coefficient seen looking into the generator:

rg = - .
ZT—|_ ZI:I
: : . ] 1+ |y
The standing wave ratio on the line isthen  swRr = Tt
~ T,

The power delivered to the load is

~

Zin - H 1 }
Re{—1¢.
VA in
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let /iy = Ky + jAXwand Z, = R, + j X, then

1 712 Rin
P ==V, : .
2 (Rin + Rg)- + (Xin + Xg)-
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assume that the generator impedance, Zg, is fixed, and consider three cases of
load impedance.

Casel : Load Matched to Line

. . | 2 ZEI
— : . — c Y = 1. T P = —|V,l- - .
Li=2g.s50ly =0, and SWR=1, /= 7. 2| gl Zo+ Ro? + X2

Case?2 : Generator Matched to Loaded Line

.Z' _.ZT ]_ . R
=, p=tinp—fe__
Zin+ Zg 2 8 A(R2+ X2)

Case3 : Conjugate Matching

Zin — I

g-.

Assuming that the generator series impedance Zg is fixed, we may vary the input
Impedance Zin until we achieve the maximum power delivered to the load.



1 72 Rin

P= IIT . >
2| é" (R + Rg}‘—F(Xin‘FXT)L
L 1 —2Rin(Rin + Ry)
IRy (Rin + Ro)2 + (Xin + X) " (Ra TR+ (X + X2
R; — Ri+ (Xp+ X =0, >
d P —2Rip (X + X))
Zn=Z}.
p=1 Ve 2 L The maximum available power from the
2 - e generator.




Note that the reflection coefficients may be nonzero. Physically,
this means that in some cases the power in the multiple
reflections on a mismatched line may add in phase to deliver
more power to the load than would be delivered if the line were

flat (no reflections).

If the generator impedance is real (Xg = 0), then the last two
cases reduce to the same result, which is that maximum power is
delivered to the load when the loaded line is matched to the

generator (Rin = Rg, with Xin = Xg = 0).
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4. LOSSY TRANSMISSION LINES

we will instead use the first two terms of the

The Low-Loss Line . :
Taylor series expansion for

= J(R4+ jol)(G+ jolC), ST x4 x/24-
R G :
J vehue ol “oC y ~ jovIC |1 —+—=].
- — (R G RG 1(_]/C 1 1/ R
- LC\"I_J(&}L_‘_&}C)_WZLC' “= ( V L—l_G‘v C_') (Zﬂ—'_GZG)
f=wvIC,
R« wl and G < wC.
: E’—|—;m£ [L
|I E G Z —
-~ jg_h,.-'_[,t':"llf] — (mL + m{j‘) o \. G+ joC “l C

the propagation constant and characteristic impedance for a low-loss line can be
closely approximated by considering the line as lossless.



EXAMPLE 2.6 ATTENUATION CONSTANT OF THE COAXIAL LINE

In Example 2.1 the L. C, R, and G parameters were derived for a lossy coaxial
line. Assuming the loss 1s small. derive the attenuation constant from (2.85a) with
the results from Example 2.1.

1 C [T
——|RrR/Z+0c /2],
* z( VIt ‘Jc)

Using the results for K and G derived in Example 2.1 gives

1 R (l-l—l)-l— .
o= — — 4+ — (€ q
2| nlnb/fa\a b 1

where n = /gt /€’ 1s the intrinsic impedance of the dielectric material filling the

coaxial line. In addition, f = wv'LC =w/ue’ and Zy = /L/C = (n/2m)
Inb/a. L]

Solution
From (2.85a),




The Distortionless Line (FaTTEBEHZk ? BRELEAERE ?)

for the propagation constant of a lossy line, the phase term B is generally a
complicated function of frequency ® when loss is present.

y = J(R+ jol)(G+ jwC), VY =+ Jp

If B 1s not a linear function of frequency (of the form S = aw), then the phase
velocity v, = w/8 will vary with frequency.

If B is not a linear function of frequency (of the form = aw), then the phase
velocity vp = o/p will vary with frequency. the various frequency components of a
wideband signal will travel with different phase velocities and so arrive at the
receiver end of the transmission line at slightly different times. This will lead to
dispersion, a distortion of the signal, and is generally an undesirable effect.



There Is a special case, however, of a lossy line that has a linear phase factor as a
function of frequency.

Such a line is called a distortionless line, satisfying R_G
L

| {?1
|II R Il = R E:;
Y =,/ le}{jmf_x} 1 + - 14 —
\ JwlL JjaoC

R G RG
= jmw’i.{?ll'l.' 1—j ( ) — :
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\ wl  w- L~
R ;
= jwv'LC (1 _j_) a=R/CJL
({3 N

,"'_:' = (u _||il_- {:
= E"H":I % + jo/ LC = a + jB, ﬁ -1

the distortionless line is not loss free but is capable of passing a pulse or
modulation envelope without distortion.



The Terminated Lossy Line

Viz) = V(e + Te),

qu_( z yz}
I(z) = e V4 —Ter),
A
r'r_ __.IllﬁJE
e N ey
[(f) = 20— =T(0)e /",
Lossless VFalpt
Lossy [(f) = Te~2Ptp=2et _ [ g=2vE

The Input impedance Zin at a distance from the load is

A _ 5 Zr + Zptanh €
I(=6 DE.;]—I—EL tanh €

in



the power delivered to the input of the terminated line atz = —/ is

~

1 4
P = —Rel{V (-OI'(—0)} = |q; |
4 = &)

{EEQE L |r|2§'_1&£]
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(1 —|T(€)%)e™™,

The power actually delivered to the load is

"

1 . |V, 5
PL = —Re(V(0)[*(0)} = =2—(1 — %),

-
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the power lost in the line:

Vo 1/ 2at 21—
;“ (e — 1) + T 7 (1 — e )]
_E/ \

the power loss of the incident wave  the power loss of the reflected wave

Boss = Fn — P =



Homework

2.16 The transmission line circuit in the accompanying figure has Vg = 15 Vrms, Zg =75 £, Zg =75 2,
Zy = 60— j40 2, and £ = 0.7A4. Compute the power delivered to the load using three different
techniques:

(a) Find I" and compute

(b) find Z;i; and compute

(c) find F; and compute
2
RelZ1}.

Discuss the rationale for each of these methods. Which of these methods can be used if the line 1s
not lossless?




2.18 Consider the transmission line circuat shown in the accompanying figure. Compute the mcident
power, the reflected power, and the power transnutted into the infinite 75 £2 line. Show that power
conservation 1s satisfied.

50 €2 -— A2 —»
10 V|~ Z, =500 Z, =750
\ /' 0 1
]- C:—;::—---
Piﬂf hPtranJ
P1'Ef""—

2.19 A generator 1s connected to a transmission line as shown in the accompanying figure. Find the voltage
as a function of = along the transmission line. Plot the magnitude of this voltage for —¢ =z < 0.

100 Q ~—— =15k -

L bt

r’r()“‘\
N

10V Z,=100Q Z; = 80 —j40




2.20 Use the Smith chart to find the following quantities for the transmission line
circuit shown in the accompanying figure:

(a) The SWR on the line.

(b) The reflection coefficient at the load.

(c) The load admittance.

(d) The input impedance of the line.

(e) The distance from the load to the first voltage minimum

(f) The distance from the load to the first voltage maximum

Zr =060 + 750 L
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